Abstract. In this note, we consider certain generalizations of injectivity and pinjectivity in connection with von Neumann regular rings, self-injective regular rings, II-regular rings, semi-simple Artinian and simple Artinian rings.
Introduction
Throughout, A denotes an associative ring with identity and A-modules are unitial, J, Y, Z will stand respectively for the Jacobson radical, the right singular ideal and the left singular ideal of A. A is called respectively semiprimitive ((a) right non-singular, (b) left non-singular) if J = 0 ((a) Y = 0; (b) Z = 0). As usual, (a) an ideal of A will always mean a two-sided ideal of A; (b) a left (right) ideal of A is called reduced if it contains no non-zero nilpotent element.
Following Faith [7] , A is called VNR if 11 A is a von Neumann regular ring". Recall that: It is well-known that A is VNR if and only if every left (right) A-module is flat (cf. [1] , [11] ). Also, A is VNR if and only if every left (right) A-module is p-injective ( [2] , [4] , [27] , [28] , [29] ).
Recall that a left A-module M is p-injective if, for any principal left ideal P of A, every left A-homomorphism of P into M extends to one of A into M. A is called a left p-injective ring if AA is p-injective. P-injectivity is similarly defined on the right side. Motivated by numerous papers on flat modules over non-VNR rings and on injective modules over non-semi-simple Artinian rings, various authors have studied p-injective modules over rings which are not necessarily VNR (cf. for example [2] , [4] , [5] , [12] , [13] , [18] , [20] , [21] , [27] , [28] ).
The concept of p-injective modules is introduced in [29] to study VNR rings, F-rings, self-injective rings and their generalizations. In [35] , pinjectivity is generalized to Y J-injectivity as follows: A left A-module M is called y./-injective if, for any 0 / a 6 i, there exists a positive integer n such that o" ^ 0 and every left A-homomorphism of Aa n into M extends to one of A into M. A is called a left Y J-injective ring if AA is FJ-injective. Y J-injectivity is similar defined on the right side. Certain authors use the term "GP-injectivity" for "YJ-injectivity" ( [4] , [5] , [18] , [20] ).
WGP-injective modules
To avoid confusion with GP-injectivity introduced in [20] , we shall define WGP-injectivity (weak GP-injectivity) as follows: DEFINITION. A right A-module M is called WGP-injective if, for any a G A, there exists a positive integer n such that every right A-homomorphism g : a n A -> M extends to one of A into M (equivalently, there exists y G M such that g(a n ) = ya n ). (Here a n may be zero.) (WGP-injectivity coincides with our GP-injectivity in [37] , [39] . [40] 
and with the right A-homomorphism h :
Assume (2) . Let c G A, n a positive integer such that Ac n is a left annihilator. If c n = 0, then any right A-homomorphism of c n A into A extends trivially to an endomorphism of A ANow suppose that c n ^ 0. For any right A-homomorphism / :
(because Ac 11 is a left annihilator) and therefore /(c n ) = dc n for some d € A. We have proved (2) (
1) A is semi-simple Artinian; (2) A is a semi-prime right WGP-injective ring with maximum condition on left and right annihilators; (3) A is a semi-prime right WGP-injective ring with maximum condition on right annihilators and every maximal right ideal of A is principal; (4) A is a semi-prime MELT ring with maximum condition on left and right annihilators and every simple left A-module is either WGP-injective or projective; (5) Every principal left ideal of A is a flat left A-module and every maximal left ideal of A is a principal left annihilator.

Proof. It is clear that (1) implies (2) through (5).
Assume (2) . Suppose there exists a maximal right ideal M of A which is not a direct summand of A A-Then MA is essential in A A-By [16, Theorem] , M contains a non-zero-divisor c. By Lemma 1.1, c is invertible in A which yields A = M, a contradiction! Therefore every maximal right ideal of A is a direct summand of AA and (2) 
SCS modules
We now turn to a generalization of quasi-injective modules. Proof. Obviously, (1) implies (2). Assume (2) . First suppose that A has non-zero socle. Then there exists a minimal left ideal U such that
Since A is prime ELT, then Z = 0. Therefore A is VNR and by [31, Lemma 1.1], A is a right self-injective, left and right V-ring. Therefore A is a primitive ring with a simple faithful injective projective left (also a right) ^-module and by [15, Corollary 2.2] , A is simple Artinian. Now suppose A has zero socle. Then every maximal left ideal of A, being essential, is an ideal of A and since A is left F J-injective, J = Z = 0 [35, p. 103] . Therefore A is reduced (cf. the proof of "(2) implies (3)" in Theorem 2.1 of [32] ). Since A is left F,/-injective, then A is strongly regular [35, Lemma 5] . Now A being prime leads to A being a division ring, contradicting A with zero socle. We conclude that A is simple Artinian and (2) implies (1). • Theorem 2.4 slightly extends a result of Jain, Mohamed and Singh [14] . All the results in this note are concerned in some way or other with generalizations of injective or projective modules. Quoting Kasch [17] , "the concepts of projective and injective modules are among the most important fundamental concepts of the theory of rings and modules". For various generalizations of injectivity and projectivity, consult [19] (cf. also [26] ).
A good motivation for the study of p-injective and yj-injective rings ( [2] , [4] , [7, Theorem 6.4] , [13] , [21] , [27] , [40] ) is the fact an arbitrary ring may be embedded in a FP-injective ring (and hence in a p-injective ring) according to a theorem of P. Menal-P. Vamos [7, p. 308] .
We conclude with the following remarkable examples given by Y. Hirano [12] which show that (1) A semi-prime P.I. right and left p-injective ring needs not be VNR [12, p. 
